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Objective: Claudication is the most common presentation of peripheral arterial disease (PAD), producing significant
ambulatory compromise. Claudicating patients, most of whom are elderly, have reduced mobility and poor health
outcomes, including an increased risk of falls. The gait of elderly fallers is characterized by increased variability. Increase
in the variability of the locomotor system makes the gait more noisy and unstable. The purpose of this study is to
investigate gait variability in patients with PAD.
Methods:Nineteen symptomatic PAD patients (age, 63.6 9.8 years; body mass, 82.1 18.5 kg; height, 1.71 0.06 m)
walked on a treadmill in the absence of pain or claudication symptoms while joint flexion and extension kinematics were
captured. Results were compared with results obtained from 17 matched healthy controls (age, 65.2  12.5 years; body
mass, 82.0  25.9.5 kg; height, 1.73  0.08 m). Relative joint angles were calculated for the ankle, knee, and hip
flexion/extension, and the stride-to-stride variability of joint flexion and extension was calculated from at least 30
consecutive footfalls. Variability was expressed using the largest Lyapunov exponent, standard deviation, and coefficient
of variation. Independent t tests were used to compare gait variability between groups.
Results: Symptomatic PAD patients had significantly higher largest Lyapunov exponent values and coefficient of variation
values for all joints, and higher standard deviation values at the ankle and the hip (P < .05).
Conclusion: Symptomatic PAD patients have increased gait variability at the ankle, knee, and hip joints at baseline
ambulation in the absence of claudication pain. Our findings indicate significant baseline deterioration in the locomotor
system of symptomatic PAD patients. This deterioration results in increased noise and instability of gait and is a potential
contributing factor to the falls and mobility problems experienced by symptomatic PAD patients. ( J Vasc Surg 2009;49:
924-31.)Peripheral arterial disease (PAD) is a manifestation of
atherosclerosis producing blockages in the arteries supply-
ing the lower extremities. PAD affects 8 to 12 million
people in the Unites States, most of whom are elderly.1,2 In
patients with significant PAD, the blood flow to their legs
does not increase during exercise and they experience a
combination of ischemic muscle pain and inability to walk
normally, called intermittent claudication. Claudicating pa-
tients, most of whom are elderly, have reduced mobility
and poor health outcomes, including increased risk of falls.
Although gait in PAD patients with a history of falls has not
been previously investigated to our knowledge, it has been
the subject of considerable research in the elderly popula-
tion. Advanced biomechanical analysis has demonstrated
that one of the most important changes noted in the gait of
elderly fallers is increased variability.3-5 Because PAD pa-
tients tend to be older and to fall,6,7 we hypothesized that
they also have increased gait variability.
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924Variability is inherent within all biologic systems and
can be described as the normal variations that occur in
motor performance across multiple repetitions of a specific
task. In healthy adults, the way leg joints flex and extend
changes from one stride to the next (Fig 1), in a variable
manner.8,9 Mathematic techniques from chaos theory or
nonlinear applications have demonstrated that such varia-
tions are not random but have a deterministic pattern.
In a biologic system such as the ambulating normal
lower extremities, there is an “optimal” amount of variabil-
ity. This variability has highly organized form, and its
maintenance at the optimal level is associated with health. A
decrease and an increase in the form of the variability are
both associated withmalfunction and disease. A decrease or
loss of form makes the locomotor system more rigid and
less adaptable to different perturbations (“robot-like”
walking), whereas an increase makes the system more noisy
and unstable (“drunken-like” walking).
Study of variability in different organ systems has dem-
onstrated that alterations in heart rhythm variability can
predict arrhythmias10 and sudden cardiac death syn-
drome,11 whereas alterations in brain wave variability are
associated with ischemic brain syndromes12 and epileptic
seizures.13 Similarly, analysis of the variability of the gait
patterns of PAD patients may provide a window into the
status of the patient’s locomotor system. It can allow in-
sight into the intricate strategies PAD patients use to con-
trol movement and eventually help develop appropriate
prognostic and diagnostic tools.
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chanical analysis and described by using linear and nonlin-
ear tools. Linear tools measure the magnitude or amount of
variation and include the standard deviation and the coef-
ficient of variation. Standard deviation shows how much
observations are spread around a mean central point,
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METHODS
Participants. The study recruited 19 symptomatic
PAD patients diagnosed with moderate arterial occlusive
disease and bilateral claudication from the vascular surgery
clinics of the Veterans Affairs Medical Center of Nebraska
and Western Iowa and the University of Nebraska Medical
Center, Omaha. The patients were 63.6  9.8 years old,
their mass was 82.1 18.4 kg, and their height was 1.71
0.06 m. In addition, 17 healthy controls matched for age
(65.2 12.5 years) height (1.73 0.08 m), mass (82.0
25.9 kg), and gender were recruited from the community
and volunteered to participate. Informed consent was ob-
tained from all participants before data collection according
to the guidelines of the respective institutions’ Institutional
Review Boards.
Patients and controls were screened and evaluated by
two board-certified vascular surgeons. The evaluation in-
cluded a detailed history, physical examination, and direct
assessment and observation of the patient’s walking impair-
ment. A vascular surgeon observed the patient walking to
ensure the limitation was secondary to claudication pain.
The study excluded those PAD patients with ambulation-
limiting cardiac, pulmonary, neuromuscular, or musculo-
skeletal disease, or those who experienced pain or discom-
fort during walking for any reason other than claudication,
such as arthritis, low back pain, musculoskeletal problems,
or peripheral neuropathy.
Control participants had an ankle-brachial index 1.0
and no subjective or objective ambulatory dysfunction.
Controls were screened in a similar fashion to PAD patients
and were excluded for the same ambulation-limiting co-
morbidities or if pain was experienced during walking. The
gait of all recruited participants was tested in the biome-
chanics laboratory.
Experimental procedure and data collection.
Before data collection, reflective markers were placed at
specific anatomic locations of each participant’s lower limb
using the systems of Vaughan et al15 and Nigg et al.16
Participants wore a tightly fitting running suit to allow
markers to be placed as close to the anatomic position as
possible. After the markers were placed, participants were
allowed to get accustomed to the treadmill before data
were recorded. During this familiarization period, partici-
pants started walking at 0.45 m/s and were free to increase
or decrease the speed until a comfortable speed was found.
This speed was identified as the self-selected speed. Partic-
ipants were given up to 10 minutes to get used to the
treadmill; this time has previously been found to be ade-
quate for participants to achieve a proficient treadmill walk-
ing pattern.17 The patient was then allowed to rest to
ensure absence of claudication pain before data collection
began.
Three-dimensional kinematics were acquired at 60 Hz
using EVART software (Motion Analysis Corp, Santa Rosa,
Calif) while participants walked on a treadmill at theirself-selected speed. Self-selected speed is the most comfort-
able and natural walking speed and is the optimal speed to
evaluate gait variability.18 A predetermined speed could put
participants into an uncomfortable situation, which may be
manifested with increased variability, rather than the more
stable state that occurs with the self-selected speed.18 Pa-
tients walked on the treadmill for 3 minutes or until the
onset of claudication pain, whichever came first. All kine-
matic measurements were taken before the onset of claudi-
cation symptoms. For safety purposes, blood pressure was
monitored before and after the treadmill test.
Data analysis. Data were exported and processed in
custom software using MATLAB software (MathWorks
Inc, Natick, Mass). This software was used to calculate the
relative joint angle time series for the ankle, knee, and hip
flexion/extension. The within- and between-session re-
peatability of kinematic gait parameters is high, with intra-
class correlation coefficients of 0.82 to 0.99 and coefficients
of multiple comparisons of 0.85 to 0.95.19 Joint kinematic
variability was also examined because variability of stride
characteristics, such as stride length and stride time, offer a
less sensitive measure of differences between groups than
variability of joint kinematics.20
A trial with a minimum of 30 footfalls was considered
adequate for nonlinear and linear analysis.9,21-24 All joint
angle time series were graphed and the number of data
points required to reach 30 strides was counted. After the
minimum data points for 30 strides were determined for all
participants, the data were cropped to that number, ensur-
ing each time series included at least 30 gait cycles. All
participants were able to complete 30 strides before the
onset of claudication pain.
The data were analyzed unfiltered to obtain a more
accurate representation of the variability within the loco-
motor system. Because the same collection system was used
for all participants, we assumed a consistent level of mea-
surement noise existed. Therefore, any differences between
groups could be attributed to the differences in the loco-
motor system itself.8,25 Time series of these values were
exported in American Standard Code for Information In-
terchange (ASCII) format and used for further analysis.
Linear analysis. From each time series, range of mo-
tion was calculated for every gait cycle for the ankle, knee,
and hip angles. Means were then calculated for each vari-
able and for each participant, as well as standard deviations
and coefficients of variation. The calculation of these pa-
rameters was performed in MATLAB software. This analy-
sis supplemented the nonlinear analysis and provided an-
swers regarding the magnitude of variability present in the
gait patterns.
Largest Lyapunov exponent. The largest Lyapunov
exponent quantifies the mean rate of divergence of neigh-
bored state–space trajectories and estimates the amount of
variability in the system (Fig 1). The calculation of the
largest Lyapunov Exponent takes into consideration the
entire time series of the joint angle (it does not occur at a
specific time point in each time series). It was calculated for
all joint angle series and for both groups. Further descrip-
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the Appendix (online only).9,21,23,26
The largest Lyapunov exponent quantifies the expo-
nential separation of nearby trajectories in the recon-
structed state space of the joint angle time series. As nearby
points of the state space separate, they diverge rapidly and
can produce instability (Fig 1). The largest Lyapunov ex-
ponent from a stable system with little to no divergence will
be zero (eg, sine wave). Alternatively, the largest Lyapunov
exponent for an unstable system that has a high amount of
divergence will be positive with a larger value (0.5).8,9,23
The Chaos Data Analyzer (professional version, American
Institute of Physics)21 was used to numerically calculate the
largest Lyapunov exponent for each joint angle time series
for each participant.
One of the assumptions made when calculating the
largest Lyapunov exponent is that the source of the varia-
tion in a given time series is actually deterministic in na-
ture.8,9,27 A deterministic time series is one that has an
ordered pattern (each point in the series is related to its
preceding points). Therefore, to ensure our time series met
this assumption, we used the method of surrogation. Sur-
rogation compares the original time series data set with an
equivalent random data set with similar structure. Essen-
tially, surrogation removes the deterministic characteristics
from the actual joint angle data set by shuffling the data to
produce a random series with the same mean, variance, and
power spectra as the original data. The surrogated data set
includes the same values as the original time series, but the
values are in a different order so that the points are no
longer related with each other (random). Significant differ-
ences in largest Lyapunov exponent values between the
original and surrogate counterparts reveal that the varia-
tions in the original time series are not randomly derived,
but they are deterministic in nature.9
Surrogated data sets were created for each original joint
angle time series analyzed. This procedure was performed
in MATLAB using the pseudoperiodic surrogation algo-
rithm.9,27 The pseudoperiodic algorithm is used to deter-
mine if additional determinism in the fluctuations is present
in a time series that have inherent periodicity (eg, gait
cycles). The largest Lyapunov exponent values were calcu-
lated for both the surrogated and original joint angle time
series data and compared using a dependent t test ( 
0.05). Significant differences between data sets indicate
that the variations present in the original data set are not
random, but they are deterministic in nature.
Statistical analysis. Means for the standard deviation
and the coefficient of variation of the range of motion and
the largest Lyapunov exponent values were calculated for
the ankle, knee, and hip joints for the patient and control
groups. Independent t tests were used to compare the
group means between the two groups. Statistical com-
parisons were performed using SPSS 12.0 software (SPSS
Inc, Chicago, Ill). The level of significance was set at  
0.05.RESULTS
Group means for age (P  .986), height (P  .281),
mass (P  .397), and body mass index (P  .605) did not
differ between patients and controls, verifying that the two
groups were well matched; whereas, the clinical character-
istics of the two groups were quite different (Table I).
For the nonlinear analysis, PAD patients had signifi-
cantly higher largest Lyapunov exponent values than con-
trols for the ankle, knee, and hip joints (Table II). These
findings demonstrate that joint movement patterns in PAD
patients were farther apart in consecutive strides (Fig 2) and
indicate altered neuromuscular organization. For the linear
analysis, PAD patients had higher coefficient of variation
values than controls for all three joints (Table III). PAD
patients also had significantly higher standard deviation
values than controls for the ankle and the hip. Thus, the
Table I. Baseline characteristics of peripheral arterial
disease patients and healthy control subjects
Characteristicsa Patient Control P
No. in group 19 17
Gender .054
Male 18 12
Female 1 5
Age, y 63.6  9.8 65.2  12.5 .986
Body mass, kg 82.1  18.4 82.0  25.9 .397
Body height, m 1.71  0.06 1.73  0.08 .281
Disease duration, y 6.25  3.84 0 NA
Ankle brachial index
Right limb 0.52  0.22 1.1  0.10 .001
Left limb 0.50  0.25 1.1  0.09 .001
Smokers, % 73.68 0 .001
Hypertension, % 84.21 13.33 .001
Diabetes mellitus, % 21.05 6.67 .199
Hyperlipidemia, % 89.47 6.67 .001
Body mass index, kg/m2 28.0  5.6 27.2  7.1 .605
Treadmill speed, km/hb 0.63  0.13 1.03  0.26 .001
NA, Not applicable.
aContinuous data are presented as the mean  standard deviation.
bTreadmill speed was self-selected.
Table II. Group means for the largest Lyapunov exponent
Groupa Ankle Knee Hip
LyE
PAD (n  16) .105  0.02b .098  0.01b .095  0.02b
Control (n 
17)
.078  0.02 .074  0.02 .078  0.01
LyE-S
PAD .118  0.02c .103  0.01 .092  0.02
Control .088  0.02c .093  0.02c .081  0.03
LyE, largest Lyapunov exponent of the original time series; LyE-S, Lyapunov
exponent for the surrogate time series; PAD, peripheral arterial disease.
aData are reported as mean  standard deviation.
bIndicates a significant difference (P  .05) between PAD and control
groups.
cIndicates significant differences between the original time series and their
surrogate counterparts.linear analysis indicated an increased amount of variability
ector
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surrogation analysis, the surrogate data series in the control
group had significantly higher largest Lyapunov exponent
values than the original data at the ankle and the knee. The
surrogated largest Lyapunov exponent values in the PAD
group were significantly higher than the original data only
for the ankle (Table II).
DISCUSSION
The purpose of this study was to determine the kine-
matic variability of the lower extremities in symptomatic
PAD patients while walking in the absence of claudication
pain and compare them with controls matched for age,
height, mass, and gender. Our data demonstrate that the
gait of claudicating patients is abnormal even when walking
Fig 2. A graphic comparison of variability between a (A
(E) PAD ankle joint, and (G) a random signal (white no
D, F, and H are two-dimensional state spaces created b
corresponding signals. The largest Lyapunov exponent
patient has much more divergence in the movement trajin the absence of claudication symptoms. Literally, the gaitof PAD patients is abnormal from the first step they take.28
The character of PAD gait is disorganized, with the changes
becoming apparent at the level of all lower extremity joints
(ankle, knee, and hip) suggesting multilevel neuromuscular
deterioration in the locomotor system. For the linear mea-
sures of variability, five of six comparisons were significantly
different, indicating a significant increase in the gait vari-
ability of PAD patients.
Furthermore, all comparisons for our nonlinear analysis
were significantly different, indicating an increase in the
noise and randomness of the PAD gait and instability in the
locomotor system.5 This increased noise in the neuromus-
cular system may result in inability to correctly select the
required response when faced with a perturbation. Similar
findings in the elderly and in patients with Parkinson and
iodic signal (sine wave), (C) control subject ankle joint,
raphs A, C, E, and G are the time series and graphs B,
ting the position (X(t)) vs the velocity (X=(t)) from the
for each signal is also shown. It is clear that the PAD
ies, which results in a larger Lyapunov exponent.) per
ise). G
y plot
(LyE)Huntington disease have been linked to increased risks of
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variability may likewise be contributing to the increased
rate of falls and mobility problems in patients with PAD.
The data from the surrogation analysis demonstrate
that the largest Lyapunov exponent values of the original
data series were significantly different than their surrogate
counterparts for the ankle and knee in the control group.
When surrogation was applied in the PAD group, we found
that only the ankle showed significant differences from its
surrogate counterpart. Our findings indicate that the vari-
ability present in healthy controls is deterministic and that
this is much less the case with the PAD patients. The
deterministic properties of the normal gait are important
because they allow individuals to successfully adapt to
changing environmental conditions, such as slippery sur-
faces and obstacles, during walking. This degradation of the
variability structure in the PAD patients is further evidence
of the effect of the disease on the gait patterns of these
patients.
These results are in agreement with Buzzi et al,8 who
found significant differences between the original and sur-
rogate data sets for all three joints in healthy elderly indi-
viduals. They also hypothesized that the deterministic be-
havior of joint angle variability may degrade with disease,
which is precisely what happened in the patients with PAD.
The lack of significant differences between original and
surrogate data series at the hip in controls could be due to
limitations in calculating the hip angle. This includes
marker placement at the hip area, which has a large amount
of adipose tissue that increases marker movement. Also, the
markers used for hip calculations are sometimes covered by
the arms as they swing in front of them and block the
camera views. Then, their location has to be interpolated
using mathematic algorithms because the actual coordinate
data are lost.
The current study compared gait variability between
patients with PAD andmatched healthy controls. Although
the groups are different, the trends of increasing variability
found in this study are similar to those found between
healthy young and elderly,3,8 healthy elderly and elderly
fallers, and in studies comparing healthy participants with
Table III. Group means for the standard deviation and
coefficient of variation
Groupa Ankle Knee Hip
SD
PAD (n  18) 3.99  2.08b 2.44  0.82 2.09  0.76b
Control
(n  17) 2.84  1.06 2.03  0.79 1.47  0.45
CoV
PAD 18.80  10.31b 5.16  2.29b 6.60  2.54b
Control 8.29  5.60 3.61  1.44 3.98  1.38
CoV, Coefficient of variation; SD, standard deviation.
aData are reported as mean  standard deviation.
bIndicates a significant difference (P  .05) between groups.Parkinson and Huntington disease patients.25Healthy (optimal) joint angle variability represents a
coordinated neuromusculoskeletal system able to make
flexible adaptations to demands placed on the body. From
this notion comes the hypothesis that the altered gait
variability present in PAD patients demonstrates that symp-
tomatic PAD degrades the ability of the locomotor system
to make adaptations to perturbations and may be responsi-
ble for the increased rate of falls in this group of patients.
Similarly, because of the high prevalence of PAD among
the elderly, it is also possible that PAD is one of the
underlying comorbidities predisposing older people to
falls.
Previous studies have shown that patients with PAD
have impaired balance and increased risk of falls,6,7 mobility
problems,29,30 and altered gait patterns31,32 compared
with healthy individuals. Specifically, functional outcomes
measures such as the 6-minute walk test, physical activity
level, and chair rises have repeatedly shown that PAD
patients have diminished functioning compared with par-
ticipants without PAD2,30; however, the mechanisms for
these changes are unclear. Muscle weakness or lack of
endurance, abnormal muscle metabolism, and muscle de-
nervation caused by chronic muscle ischemia, or the onset
of claudication pain itself, may be the reason for these
impairments.29,32
The results of the current study suggest that gait is
altered before the onset of claudication pain and is not
caused by the pain itself. Our data provide considerable
support for a well-described muscle metabolic myop-
athy33,34 and an axonal polyneuropathy in the lower ex-
tremities of PAD patients.35 Specifically, a number of re-
ports have documented a metabolic myopathy in the PAD
muscle that appears to be secondary to defective mitochon-
drial bioenergetics and related oxidative damage to skeletal
muscle structures and components.36 Mitochondria in
PADmuscle have abnormal ultrastructure, damaged DNA,
altered enzyme expression and activity, and abnormally
high intermediates of oxidative metabolism.33,34
Most important, evaluation of mitochondrial bioener-
getics in claudicating muscle demonstrates specific defects
in the complexes of the electron transport chain, with
associated compromised mitochondrial respiration and
adenosine triphosphate production36-38 that is very similar
to what is seen in mitochondrial myopathies.33,34 Recent
work also demonstrates that the mitochondriopathy of
PAD muscle is associated with evidence of significant oxi-
dative damage to the myofibers.36
Accumulating evidence suggests that chronic ischemia
in PAD patients results in a consistent pattern of electrodi-
agnostic abnormalities that indicate axonal nerve loss.35
Therefore, the impairments in gait variability in limbs with
PAD before the onset of pain likely reflect a combination of
myopathy and neuropathy. The nature of these myopathic
and neuropathic changes and the way they are associated
with the clinical and biomechanical findings of leg dysfunc-
tion should be the focus of intense future investigation and
may hold the key to understanding PAD pathophysiology.
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findings are limited to PAD patients with intermittent
claudication and may not be applicable to patients with
different symptoms and presentations of the disease. How-
ever, our study is unique because detailed screening was
used to exclude patients with any gait dysfunction other
than claudication. Our data therefore accurately reflect gait
variability changes due to the presence only of PAD and not
of other comorbidities such as neurogenic claudication or
osteoarthritis.39,40
CONCLUSIONS
Our results demonstrate that PAD patients have in-
creased and abnormal gait variability at baseline ambulation
prior to the onset of claudication pain. The larger Lya-
punov exponent values observed in the PAD patients indi-
cate increased randomness in their gait patterns and loss of
motor control. The surrogation analysis indicated that
PADpatients also exhibit a degradation of the deterministic
and nonlinear characteristics in their gait patterns. The
pathophysiology of PAD includes damage to muscle and
nerves of the lower extremities that maybe interfering with
the cooperative strategies of the locomotor system, thus
producing altered gait variability in patients with PAD.
Collectively, these results indicate decline of the overall
health of the locomotor system, which may contribute to falls
and mobility limitations seen in PAD patients. The current
study provides the basis for future work that will examine
specific mechanisms contributing to gait abnormalities in
PADpatients, including the effect of claudication pain and the
role of myopathic and neuropathic changes.
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largest Lyapunov exponent
To reconstruct the state space, a state vector was cre-
ated from the joint angle time series. This vector is com-
posed of mutually exclusive information about the dynam-
ics of the system.23,26
y(t) [x(t), x(t T1), x(t T2), . . .] (1)
where y(t) is the reconstructed state vector, x(t) is the
original joint angle data and x(tTi) is the time delay
copies of x(t). The time delay (Ti) for creating the state
vector was determined by estimating when information
about the state of the system at x(t) is different from the
information contained in its time-delayed copy.
If the time delay is too small, then no additional infor-
mation about the dynamics of the system will be contained
in the state vector. Conversely, if the time delay is too large,
then information about the dynamics of the system may be
lost and can result in random information.23 Selection of
the appropriate time delay was performed by using an
average mutual information algorithm23:
Ixt, xtT  P(x(t), x(t T ))
 log2 P(x(t), x(t T ))P(x(t))P(x(t T )) (2)
where T is the time delay, x(t) is the original joint angle
data, x(t T) is the time delay data, P(x(t), x(t T) is the
joint probability for measurement of x(t) and x(t  T),
P(x(t)) is the probability for measurement of x(t), and
P(x(t T)) is the probability for measurement of x(t T).
The probabilities were constructed from the frequency of
x(t) occurring in the joint angle time series. Averagemutual
information was iteratively calculated for various time de-
lays and the selected time delay occurred at the first local
minimum of the iterative process.9,23 This selection is
based on previous investigations that have determined that
the time delay at the first local minimum contains sufficient
information about the dynamics of the system to recon-
struct the state vector.23
It was also important to determine the number of
embedding dimensions to unfold the dynamics of the sys-
tem in an appropriate state space. An inappropriate number
of embedding dimensions may result in a projection of the
dynamics of the system that has orbital crossings in the state
space that are due to false neighbors and not the actual
dynamics of the system.23 To unfold the state space, wesystematically inspected x(t) and its neighbors in various
dimensions (eg, dimension  1, 2, 3, . . . etc). The appro-
priate embedding dimension occurs when neighbors of the
x(t) stop being unprojected by the addition of further
dimensions of the state vector:
y(t) [x(t), x(t T ), x(t 2T ),
. . . x(t (dE 1)T )] (3)
where dE is number of embedding dimensions, y(t) is the
dE-dimensional state vector, x(t) is the original joint an-
gle data, and T is the time delay. A global false nearest-
neighbors algorithm with the time delay determined from
the local minimum of the average mutual information was
used to determine the number of necessary embedding
dimensions to reconstruct the joint angle time series.23 The
calculated embedding dimension indicates the number of
governing equations that are necessary to appropriately
reconstruct the dynamics of the system.23 Custom MATLAB
(MathWorks Inc, Natick, Mass) software was used to cal-
culate the embedding dimension.
After calculating the appropriate time delay and em-
bedding dimension and reconstructing the joint angle time
series, the largest Lyapunov Exponent was calculated using
the Chaos Data Analyzer (professional version, American
Institute of Physics).21 TheChaos Data Analyzer calculates
the rate of divergence between two vectors23:
 
1
tM t0

k1
M
ln
L'tk
Ltk1
(4)
where y(t) is the dE-dimensional state vector and serves as
the reference trajectory. L(t0) is the distance between y(t)
and its nearest neightbor. L=(t1) is the distance between the
y(t) and its nearest neighbor after moving forward n steps
(we used n  3). Then a new state vector replaces the
evolved neighboring state vector if it meets the following
two conditions:
● The distance of a replacing vector from the evolved
state vector on the reference trajectory denoted as
L(t1) is small.
● The angular separation between the evolved reference
state vector and replacing vector is small.
New vectors are repeatedly generatedMN – (dE – 1)
times where N is the length of the original time series.
Then, the largest Lyapunov exponent is defined by Equa-
tion (4), where k  1, 2, . . . ., M and n  tk1  tk.
